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ABSTRACT
We investigate the compressional modes of cold neutron stars with cores consisting of
superfluid neutrons, superconducting protons and normal fluid electrons and muons,
and crusts that contain superfluid neutrons plus a normal fluid of (spherical) nu-
clei and electrons. We develop a two-fluid formalism for the core that accounts for
leptonic buoyancy, and an analogous treatment for the crust. We adopt the Cowl-
ing approximation, neglecting gravitational perturbations, but include all effects of
the background space-time. We introduce a phenomenological, easily-modified nuclear
equation of state which contains all of the thermodynamic information required to
compute the coupled fluid oscillations, with parameters that are constrained by nu-
clear physics and the requirement that the maximum mass of a neutron star is ≥ 2M.
Using four parametrizations of this equation of state with nuclear compressibilities
K = 230–280 MeV, we calculate the Brunt–Va¨isa¨la¨ frequency due to leptonic buoy-
ancy, and find the corresponding g-mode frequencies and eigenfunctions. We find that
the WKB approximation reproduces g-mode frequencies closely. We examine the de-
pendence of g-mode frequencies on stellar mass, nuclear compressibility and strength
of neutron-proton entrainment, and compare to previous calculations of g-mode fre-
quencies due to leptonic buoyancy. We also compute the p-mode spectra, confirming
previous findings that the two fluids behave as if uncoupled except the case of large
entrainment, and show the existence of nearly resonant mode pairs which could lead
to nonlinear p-g instabilities even at zero temperature.
Key words: stars: neutron – stars: oscillations – equation of state
1 INTRODUCTION
The first observation of gravitational waves from a binary
neutron star merger (Abbott et al. 2017) opens up the pos-
sibility of studying neutron stars interiors through tidally-
induced phase shifts to gravitational waveforms (Lackey &
Wade 2015; Agathos et al. 2015). This would allow gravita-
tional wave astronomy to serve as a probe of the equation
of state above nuclear density, which is otherwise difficult to
study. Low-frequency modes with frequencies swept by the
orbital frequency may be resonantly excited by tidal inter-
actions in neutron star-black hole and neutron star-neutron
star mergers (Bildsten & Cutler 1992; Cutler et al. 1993; Lai
1994; Reisenegger & Goldreich 1994; Xu & Lai 2017; Ander-
sson & Ho 2018), causing a phase shift that depends on the
exact nature of the excited modes. Low frequency g-modes
are especially interesting, although the resulting gravita-
tional waveform phase shifts from their resonant excitation
will likely be impossible to measure with current-generation
? E-mail: pbr44@cornell.edu
detectors unless the merging neutron stars are rapidly rotat-
ing or have large radii (Ho & Lai 1999; Flanagan & Racine
2007). The acoustic p-modes are too high in frequency to
be resonantly excited themselves, but could participate in
nonlinear tidal interactions involving the coupling of the g-
modes and the p-modes which may be observable through
a gravitational waveform phase shift (Weinberg et al. 2013;
Essick et al. 2016).
Potential sources of g-modes in neutron stars have been
studied for decades. In a normal fluid neutron star, buoy-
ancy arising from temperature gradients (McDermott et al.
1983; Bildsten & Cutler 1995) and the proton fraction gra-
dient (Reisenegger & Goldreich 1992) have been investi-
gated, supporting modes of frequencies 1 ∼ 100 Hz. Lee
(1995) studied proton fraction gradient g-modes in Newto-
nian stars with superfluid cores, and confirmed a previous
calculation by Lindblom & Mendell (1994) which found two
sets of p-modes, corresponding to normal fluid and super-
fluid degree of freedom respectively. Sound speeds for both
sets of superfluid neutron star p-modes have been calcu-
lated by Epstein (1988), and this second set of p-modes
© 2018 The Authors
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has also been found in a fully relativistic, finite-temperature
calculation (Gualtieri et al. 2014). However, in neutron
star cores composed of superfluid neutrons and superfluid-
superconducting protons (Lombardo & Schulze 2001; Page
et al. 2011), proton fraction gradients do not lead to g-modes
unless temperatures are above the neutron critical tempera-
ture, estimated to be . 109 K (Yakovlev et al. 1999), above
which electron-neutron coupling (Bertoni et al. 2015) and
electron-proton electrostatic coupling will cause both baryon
species to move together. G-modes due to entropy gradi-
ents in superfluid neutron stars were first found by Gusakov
& Kantor (2013), and shortly thereafter they found a new
class of g-modes resulting from leptonic buoyancy (Kantor &
Gusakov 2014) (hereafter KG14). This effect is caused by a
gradient in the electron fraction at number densities & 0.13
fm−3, where both electrons and muons coexist in most equa-
tions of state. While these leptonic buoyancy g-modes were
considered in a nonzero temperature star, they were found to
exist even in the zero-temperature limit, and their existence
was independently confirmed (Passamonti et al. 2016). A
recent paper by Yu & Weinberg (2017a) (hereafter YW17)
has computed g-mode frequencies and displacement fields
arising from leptonic buoyancy in zero temperature neutron
star cores using Newtonian gravity, and used their results to
study resonant tidal excitation of the modes during neutron
star binary inspiral.
We calculate both sets of compressional modes of two-
superfluid neutron stars in the zero-temperature approxi-
mation, including both the g-modes arising due to leptonic
buoyancy and the p-modes, but with a few crucial differ-
ences to previous calculations. Like KG14, we include gen-
eral relativity and work in the Cowling approximation, ne-
glecting the effects of perturbations to the metric; YW17
used Newtonian gravity but included self gravity perturba-
tions. Secondly, we use a flexible parametrized equation of
state (EOS) that allows us to easily adjust the compress-
ibility of the neutron star core, and employ this EOS to
calculate the g-modes for a range of compressibilities and
correspondingly a range of stellar masses and radii. Thirdly,
we allow the neutron superfluid to flow into the crust of nor-
mal fluid nuclei instead of assuming that the crust is a single
normal fluid. We find that this has important implications
for the neutron component of the g-modes and for both com-
ponents of the p-modes. We compute the displacement fields
for the g-modes, which KG14 did not report in their initial
letter but YW17 did, although the differences in our method
mentioned above mean that our modes differ qualitatively
and quantitatively. We also use our formalism to compute
the p-modes in the star like Lee (1995) and Gualtieri et al.
(2014), though only in the zero temperature limit.
In Section 2, we introduce the parametrized equation
of state we use in the core (Section 2.1) and the crust (Sec-
tion 2.2). In Section 3 we obtain the equations of motion for
the modes and compute the Brunt–Va¨isa¨la¨ frequency due
to the muon gradient in the core. The crust-core interface
and boundary conditions for the modes, which we find are
significant to determining the normal mode displacement
fields, are then discussed. Finally, in Section 4 we compute
the g-and p-modes, with and without entrainment of the
superfluid neutrons and protons in the core, and we make
comparisons to previous calculations.
2 EQUATION OF STATE
Here we describe the model of the background neutron star
that we used for the calculation of the Brunt–Va¨isa¨la¨ fre-
quency in Section 3.2 and the compressional modes in Sec-
tion 4. Our EOS is based on a relatively simple, parametrized
model. We adopt parameters to satisfy constraints near nu-
clear density nnuc = 0.16 fm−3 and allow neutron star masses
above 2M. It is a phenomenological model, but is suffi-
ciently detailed that we can compute all thermodynamic
quantities we need to find the normal modes. h¯ = c = 1 is
used throughout.
2.1 Core equation of state
We consider an electrically neutral fluid of neutrons, protons,
electrons and muons at zero temperature. Its energy density
ρ is specified as a function of three variables: baryon number
density nb, proton fraction Y and electron fraction f , where
the neutron, proton, electron and muon number densities
are respectively nn = nb(1 −Y ), np = nbY , ne = nbY f and nµ =
nbY (1 − f ). We separate the energy density into kinetic and
interaction parts ρ = ρkin + ρint; the kinetic part (including
the rest mass) is given by
ρkin(nb,Y, f ) =
p4Fe
4pi2
+
∑
j=n,p,µ
m4j
pi2
φ
(
pFj
mj
)
(1)
for Fermi momenta pFj = (3pi2nj )1/3 and bare mass mj of
particle species j, and where
φ(x) =
x3
4
√
x2 + 1 +
x
8
√
x2 + 1 − 1
8
arsinh(x). (2)
We have assumed the electrons are ultrarelativistic and ig-
nore the difference between the proton and neutron mass,
assuming mn = mp = mN. Although we use the bare nucleon
mass, we assume that ρint includes effective mass correc-
tions adequately. The interaction energy density ρint(nb,Y )
employed is based on that of Hebeler et al. (2013), but with
a different form for the symmetry penalty term:
ρint(nb,Y ) = nnucES
n2 + fSnγS+1
1 + fS
+ nnucEAn2
(
n + n0
1 + n0
)γA−1
(1 − 2Y )2, (3)
where n = nb/nnuc and n0 is a characteristic number density.
For n  n0, the symmetry penalty term is quadratic in n, as
the energy per baryon should be linear in the density at low
densities.
The requirements of −16 MeV per baryon binding en-
ergy and zero pressure for symmetric nuclear matter at nu-
clear density constraint the parameters ES, γS and fS, while
experimental measurements like those used in constructing
Figure 6 of Lattimer & Prakash (2016) constrain EA, γA and
n0. Another constraint is that the EOS must allow a maxi-
mum mass ≥ 2M (Antoniadis et al. 2013), though this can
be adjusted upward to allow for higher masses if required
by future observations. We consider four possible parameter
choices PC1–PC4, differing in the values of γS and fS, with
each choice corresponding to a value of the nuclear com-
pressibility parameter K = 9(∂2(ρ/nb)/∂n2)|n=1,Y=1/2. These
are listed in Table 1. For these choices of EA, γA and n0,
MNRAS 000, 1–19 (2018)
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Table 1. Different parametrizations of core equation of state and
corresponding nuclear compressibility K , maximum mass Mmax,
radius at maximum mass Rmax, central baryon number density
for the maximum mass star nb,cntr,max and the baryon number
density at which the sound speed equals the speed of light nb,cl.
PC1 PC2 PC3 PC4
ES (MeV) -37.8 -37.8 -37.8 -37.8
γS 1.31 1.356 1.452 1.547
fS -0.667 -0.634 -0.577 -0.530
EA (MeV) 19.9 19.9 19.9 19.9
γA 0.61 0.61 0.61 0.61
n0 (MeV) 0.05 0.05 0.05 0.05
K (MeV) 230 240 260 280
Mmax/M 2.01 2.05 2.15 2.24
Rmax (km) 10.23 10.34 10.62 10.88
nb,cntr,max/nnuc 7.43 7.22 6.73 6.32
nb,cl/nnuc 9.8 8.9 7.5 6.4
the symmetry energy Sv = 31.73 MeV and density derivative
L = 60.32 MeV, within the 1σ confidence region of Figure 6
of Lattimer & Prakash (2016). Three of the chosen values of
K are within the 240±20 MeV confidence range cited in Lat-
timer & Prakash (2016), with K = 220 MeV not being used
due to not allowing a 2M star to exist in our EOS. The
K = 280 MeV parametrization represents a causal limit i.e.
the sound speed equals the speed of light for central densi-
ties just beyond that which has the maximum mass for this
parametrization. While the EOS is flexible, we found that it
was difficult to obtain a maximum mass greater than 2.2M,
and also found that adjusting the parameters EA, γA and n0
had only a small effect on the nuclear compressibility, so
these parameters were fixed for all four parameter sets.
The pressure is specified by
P = nb
∂ρ
∂nb
− ρ (4)
and the chemical potential by
µ =
∂ρ
∂nb
. (5)
The individual chemical potentials are calculated using
µx =
∂ρ
∂nx
, x = n, p, e,µ. (6)
The background star is assumed to be in beta equilibrium,
implying
µn = µp + µe = µp + µµ ⇒ µe = µµ. (7)
We find that muons first appear at nb = 0.8nnuc for all four
EOS parametrizations that we considered. In Figure 1 (top),
we compare our ρ(nb) in the core to the BSk19–BSk21 EOSs
from Potekhin et al. (2013), finding that ours is in good
agreement with all three of their EOSs in the lower half of
the density range and with the BSk19 and BSk20 EOS in
the higher density region. We also plot the proton fraction
Y and Ye = fY as functions of nb in the core (bottom).
2.2 Crust equation of state
In the inner crust between neutron drip at nb ∼ 1011 g/cm3
and the transition to the core at ∼ 1014 g/cm3 (nb ∼ 0.5nnuc),
neutron stars are expected to consist of neutron-rich nuclei
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Figure 1. Top: Energy density ρ as a function of nb/nnuc in the
core from this paper (RW with PC1 parameters) and the BSk19–
BSk21 EOS from Potekhin et al. (2013). Bottom: Proton fraction
Y = nq/nb and electron fraction Ye = fY = ne/nb in the core for the
RW EOS with PC1 parameters. Y = Ye below the muon threshold
density nb/nnuc = 0.8.
surrounded by a dripped neutron gas and a pervasive ul-
trarelativistic electron gas. Below neutron drip, the outer
crust, consisting only of nuclei and an electron gas, is in-
cluded using the BPS EOS (Baym et al. 1971a). It is, how-
ever, neglected when computing the oscillation modes as it
constitutes less than a hundredth of a percent of the star by
mass, thus having a negligible effect on the bulk oscillation
modes. The effects of this omission are briefly discussed at
the conclusion of Section 3.5.
Following Baym et al. (1971b) and Haensel (2001), we
consider a liquid drop-type model with spherical nuclei of
radius rn inside spherical unit cells of radius rc. We do not
model exotic shapes or nuclear pasta (Ravenhall et al. 1983a;
Hashimoto et al. 1984; Watanabe et al. 2003) at this stage,
and we allow the proton and nucleon numbers Z and A to
vary continuously. The density of neutrons outside the nu-
clei is nn,o, while the nuclei themselves have baryon density
ni. The neutron and proton densities inside the nuclei are
nn,i = (1 −Y )ni and np,i = Yni respectively, where in the crust
Y = Z/A is the proton fraction of the nuclei and Z and A are
defined to include only baryons inside the nuclei. The elec-
tron number density is fixed by electric charge neutrality to
be equal to the average proton number density over the cell,
so
ne = wnp,i = wniY, (8)
where w = (rn/rc)3 is the fraction of the volume of each cell
MNRAS 000, 1–19 (2018)
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occupied by the nucleus and rn = (3A/4pini)1/3. We also define
the number density of nuclei nn, which is given in terms of
the cell radius by
nn =
3
4pir3c
, (9)
so the total baryon number density nb is given by
nb = Ann + (1 − w)nn,o. (10)
Later, we discuss the fluid oscillations in the crust in
terms of the macroscopic motion of two fluids: a free neutron
superfluid and a normal fluid of nuclei. In the fluid equations,
we use the mean density of free neutrons outside the nuclei
nf ≡ (1−w)nn,o and the mean density of nuclear baryons nc ≡
Ann. In terms of these densities, the total baryon number
density is
nb = nf + nc; (11)
note too that w = nc/ni.
We write the energy density for the inner crust in terms
of the five variables nf , nc, ni, A and Y . The energy density for
the inner crust has five components: bulk energy densities
for the nuclei ρi,bulk, surrounding neutron gas ρo,bulk, and
electron gas ρe, Coulomb energy density ρCoul including the
self-energy of the nuclei and the lattice energy, and surface
energy density ρsurf. The bulk energy density for nuclear
matter, the neutron gas and the electron gas have the same
form as in the core, discussed in the previous section. We
then have
ρ(nf, nc, A,Y, ni) = wρi,bulk(ni,Y ) + (1 − w)ρo,bulk(nf/(1 − w))
+ ρe(Ync) + nnECoul(nc, ni, A,Y )
+ nnEsurf(ni, A,Y ), (12)
where
ρi,bulk(ni,Y ) =
m4N
pi2
[
φ
(
pFi
mN
Y1/3
)
+ φ
(
pFi
mN
(1 − Y )1/3
)]
+ nnucES
n2i + fSn
γS+1
i
1 + fS
+ nnucEAn2i
(
ni + no
1 + no
)γA−1
(1 − 2Y )2,
(13)
ρo,bulk(nn,o) =
m4N
pi2
φ
(
pFo
mN
)
+ nnucES
n2n,o + fSn
γS+1
n,o
1 + fS
+ nnucEAn2n,o
(
nn,o + no
1 + no
)γA−1
, (14)
ρe(Ync = ne) =
(3pi2ne)4/3
4pi2
, (15)
ECoul(nc, ni, A,Y ) =
16
15
(piYnie)2r5n
[
1 − 3
2
w1/3 +
1
2
w
]
, (16)
Esurf(ni, A,Y ) = 4pir2nσs(Y ), (17)
where pFi = (3pi2ni)1/3, nn,o = nf/(1 − w), pFo = (3pi2nn,o)1/3,
ni = ni/nnuc, nn,o = nn,o/nnuc and σs denotes the nuclear
surface energy. We assume that the electrons are relativistic
down to neutron drip and ignore the neutron-proton mass
difference here.
Following Ravenhall et al. (1983b) and Lattimer et al.
(1985), we take the surface energy σs to be a function only
of the proton fraction Y at zero temperature, and use the
parametrization
σs(Y ) =
σ0(2α+1 + β)
Y−α + (1 − Y )−α . (18)
We selected parameters σ0, α, β which give a approximately
constant proton number Z ≈ 40 throughout the density
range of the inner crust, as is found in more detailed cal-
culations of the inner crust equation of state (Douchin &
Haensel 2000; Onsi et al. 2008; Pearson et al. 2012; Potekhin
et al. 2013):
σ0 = 1.4 MeV/fm2,
α = 3,
β = 24.
α and β are close to the corresponding parameters in Raven-
hall et al. (1983b), but σ0 is ≈ 50% larger than its corre-
sponding parameter.
For a general change of state, the change in the energy
density is
dρ =
∂ρ
∂A

nf,nc,ni,Y
dA +
∂ρ
∂Y

nf,nc,ni,A
dY
+
∂ρ
∂ni

nf,nc,A,Y
dni +
∂ρ
∂nc

nf,ni,A,Y
dnc
+
∂ρ
∂nf

nc,ni,A,Y
dnf . (19)
At fixed nb, dnc + dnf = 0, so this becomes
dρ =
∂ρ
∂A

nf,nc,ni,Y
dA +
∂ρ
∂Y

nf,nc,ni,A
dY
+
∂ρ
∂ni

nf,nc,A,Y
dni +
(
∂ρ
∂nc

nf,ni,A,Y
− ∂ρ
∂nf

nc,ni,A,Y
)
dnc. (20)
The “nuclear virial theorem” (Haensel 2001) and pressure
balance correspond to the conditions
∂ρ
∂Y

nf,nc,ni,A
=
∂ρ
∂ni

nf,nc,A,Y
= 0, (21)
respectively, while the condition that there is no energy as-
sociated with exchanging neutrons between the nuclei and
the external free neutron gas (henceforth the “exchange con-
dition”) is
∂ρ
∂nc

nc,ni,A,Y
− ∂ρ
∂nf

nc,ni,A,Y
− Y
nc
∂ρ
∂Y

nf,nc,ni,A
= 0 (22)
since proton density Ync is unchanged by exchange of neu-
trons. Beta equilibrium is simply
∂ρ
∂Y

nf,nc,ni,A
= 0, (23)
so Eq. (22) becomes
∂ρ
∂nc

nc,ni,A,Y
− ∂ρ
∂nf

nc,ni,A,Y
= 0. (24)
Imposing the four conditions Eqs. (21,23,24), we can deter-
mine the values of nf , nc, ni, A and Y at each nb and thus
compute at each nb the energy density ρ and pressure P,
which is given by
P = Pe + PCoul + Po,bulk =
1
3
ρe +
n2c
A
∂ECoul
∂nc
+ Po,bulk. (25)
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Table 2. Pressure P, chemical potential µ and baryon number
density nb at the core (+) and crust (−) sides of the crust-core
transition for each EOS parametrization employed in this paper.
The size of the density jump as a percentage of the baryon number
density at the transition is also listed.
PC1 PC2 PC3 PC4
P (MeV/fm3) 0.215 0.225 0.239 0.249
µ/mN 1.0108 1.0112 1.0117 1.0121
n+b/nnuc 0.399 0.413 0.437 0.458
n−b /nnuc 0.394 0.407 0.431 0.451
∆nb/nb (%) 1.2 1.4 1.3 1.5
We will also require the chemical potentials for each fluid µf
and µc, given by
µf =
∂ρ
∂nf

nc,ni,A,Y
= (1 − w) ∂ρbulk,o
∂nn,o
∂nn,o
∂nf
= µn,o, (26)
µc =
∂ρ
∂nc

nf,ni,A,Y
= Y µe +
Po,bulk + ρbulk,i
ni
+
16
15
(piYnie)2
Y
A
r5n
[
3 − 5w1/3 + 2w
]
. (27)
Using the four equilibrium conditions, Eqs. (26–27) can be
used to show that µc = µf in equilibrium.
For this inner crust equation of state, neutron drip
occurs between 2.7 − 2.8 × 1011 g/cm3 or nb = 0.00103 −
0.00106nnuc, depending on the parametrization of the nu-
clear physics. The core and crust equations of state must
be joined when the pressure and chemical potentials of each
are equal. This occurs at different densities for each EOS
parametrization described in Table 1, with the pressure,
chemical potential and densities in the core and crust at
the transition for each parametrization listed in Table 2.
The energy density and pressure for our EOS in the
crust (Figure (2), top) are within 10–20% of those found
in more detailed calculations such as Pearson et al. (2012)
and Potekhin et al. (2013). The bottom panel shows A, Z
and nc/nb as functions of nb/nnuc in the crust. The values of
Z closely match those of Ravenhall et al. (1972), including
the dip downward just before the transition to the core. Our
values of nc/nb are in agreement with Kobyakov & Pethick
(2016); our values of A are typically greater than theirs by
a factor of 1.5, though the difference increases as the crust-
core transition is approached, while our values are typically
a factor of 4 lower than those of Pearson et al.
Figure 3 compares the mass-radius relation for two dif-
ferent parametrizations of the two-part EOS described here
(RW) to a few other representative neutron star equations of
state. The RW EOS uses the BPS EOS (Baym et al. 1971a)
for densities below neutron drip. The radius, radius at neu-
tron drip and central density for each EOS parametrization
and stellar mass used in the rest of this paper are described
in Table 3.
3 FLUID DYNAMICS
3.1 Two-fluid formalism in the core
We now derive the equations of motion for the perturbations
of a two-superfluid neutron star that we use to compute
its normal modes. We first consider the core, and the same
model is generalized to the crust in Sections (3.3) and (3.4).
0
20
40
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0
2
4
6
0 0.1 0.2 0.3 0.394
M
eV
fm
−3
ρ
P × 100
nb/nnuc
A× 0.01
Z × 0.1
nc/nb
Figure 2. Top: Mass-energy density ρ and pressure P as func-
tions of nb/nnuc across the density range of the inner crust for
the RW EOS with PC1 parametrization. Bottom: Nucleon num-
ber A, proton number Z and the ratio 0 < nc/nb < 1 as functions
of nb/nnuc across the density range of the inner crust for the same
EOS. The maximum density in the crust before the transition to
the core is nb/nnuc = 0.394 for the PC1 parametrization.
0
0.5
1
1.5
2
2.5
3
8 9 10 11 12 13 14 15 16 17 18
M
/M
⊙
R (km)
RW PC1
RW PC4
H1
H2
H3
BSk19
BSk20
BSk21
Figure 3. Neutron star mass-radius plot for the EOS described
in this paper with two parametrizations as given by Table 1 (RW
PC1 and RW PC4) and three equations of state of increasing
stiffness from both Hebeler et al. (2013) (denoted H1, H2, H3)
and Potekhin et al. (2013) (denoted BSk19, BSk20, BSk21).
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Table 3. List of radius R, radius at neutron drip RND, and central
density nb,cntr for each stellar mass and parametrization choice
employed in the calculation of compressional mode frequencies in
this paper.
PC1 1.2M 1.4M 1.7M 2M
R (km) 12.24 12.11 11.75 10.54
RND (km) 11.72 11.70 11.47 10.39
nb,cntr/nnuc 2.73 3.17 4.07 6.67
PC2 1.2M 1.4M 1.7M 2M
R (km) 12.31 12.21 11.90 11.06
RND (km) 11.78 11.79 11.62 10.89
nb,cntr/nnuc 2.66 3.05 3.86 5.61
PC3 1.2M 1.4M 1.7M 2M
R (km) 12.48 12.43 12.23 11.71
RND (km) 11.94 11.99 11.92 11.50
nb,cntr/nnuc 2.49 2.82 3.46 4.55
PC4 1.2M 1.4M 1.7M 2M
R (km) 12.63 12.62 12.50 12.14
RND (km) 12.07 12.17 12.17 11.92
nb,cntr/nnuc 2.35 2.64 3.16 3.96
We work at zero temperature, so there are no normal fluid
neutron or proton components, and include general relativ-
ity, but work in the Cowling approximation and so ignore
perturbations of the metric.
In a core composed of superfluid neutrons and protons
and normal fluid electrons and muons, the leptons will move
along with the protons since the plasma frequency ∼ 1022 s−1
is much greater than the frequencies of the compressional
modes. We thus have two independently-moving fluids– a
neutron superfluid and charged fluid. This differs from the
commonly-chosen separation of the fluid into normal and
superfluid components, though the formulation used here
has a number of advantages which illuminate the underlying
physics. First, it makes clear the role of the leptonic buoy-
ancy, which exists only in the charged fluid. It also reveals
the significance of thermodynamic coupling and entrainment
between the two fluids, with the equations describing the
motion of the fluids becoming completely uncoupled if these
quantities are zero as is demonstrated at the end of this sec-
tion. At densities above 2–3nnuc, the s-wave pairing energy
gap for protons may go to zero (Zhou et al. 2004; Baldo &
Schulze 2007), meaning that the proton fluid can be a nor-
mal fluid in the inner core, but the equations of motion for
the charged fluid will remain unchanged in this case, and
the charged fluid and neutrons would still behave as two
separately-moving fluids as long as the neutrons remain su-
perfluid. Note that both methods should be equivalent, and
the normal fluid and superfluid displacement modes can be
reconstructed from taking the appropriate superposition of
the neutron and charged fluid modes.
We assume that neutrons remain superfluid through-
out the core; calculations summarized in Fig. 2 of Gezerlis
et al. (2014) support the idea that the neutron gap does
not vanish at any density below at least 4.2nnuc, which
includes all neutron stars less massive than about 1.7M
for our adopted equation of state. Moreover, these calcu-
lations suggest that neutron superfluidity would be main-
tained out to the crust-core boundary for core temperatures
below ' 3 × 108K; the model used in KG14 is similar. If
neutrons become normal somewhere inside the core, their
coupling to electrons (Bertoni et al. 2015) suffices to merge
the two fluids into a single fluid, irrespective of whether the
protons are superfluid. Thus, if neutrons were entirely nor-
mal throughout the core, then g-modes would arise from a
combination of the leptonic buoyant force associated with
the gradient of f and the buoyant force associated with the
gradient of Y (Reisenegger & Goldreich 1992), but overall
their frequencies would be lower than when neutrons are su-
perfluid; see Section 3.2, especially Eqs. (82–83). However,
if the neutrons are only normal deep inside the core of the
neutron star, then the g-modes arising from leptonic buoy-
ancy, which is only substantial near the outer boundary of
the core, would be largely unaffected. Thus, the g-mode fre-
quency spectrum is, in principle, a probe of neutron super-
fluidity in the cores of neutron stars.
We specify the neutron superfluid four-velocity uµn and
number density nn, and charged fluid four-velocity u
µ
q and
number density nq = np = ne + nµ. We can rewrite the energy
density ρ as a function of nn, nq and the electron fraction
f = ne/nq;
ρ(nn, nq, f ) = ρnuc(nn, nq) + ρe(nq f ) + ρµ(nq(1 − f )), (28)
where ρnuc includes both the kinetic and interaction con-
tributions relating to the nucleons. This gives two chemical
potentials
µn =
∂ρ
∂nn
=
∂ρnuc
∂nn
, (29)
µq =
∂ρ
∂nq
=
∂ρnuc
∂nq
+
∂ρe
∂ne
∂ne
∂nq
+
∂ρµ
∂nµ
∂nµ
∂nq
, (30)
which are equal in beta equilibrium.
The motion of the two fluids is described by the rela-
tivistic Euler equations (Carter & Langlois 1998; Andersson
& Comer 2007)
0 = uρn∇ρ(µnunσ) + ∇σµn − 2uρn∇[ρ(µnnWσ]), (31)
0 = uρq∇ρ(µquqσ) + ∇σµq + (µµ − µe)∇σ f + 2uρq∇[ρ(µnpWσ]),
(32)
and the continuity equations
∇ρ(nnuρn ) = 0, (33)
∇ρ(nquρq ) = 0. (34)
where Wσ = unσ − uqσ . n and p are defined to parameterize
the entrainment, and are related by
nqp = nnn. (35)
The entrainment parameters p and n here are dimension-
less and are the same as those of Prix & Rieutord (2002).
We vary the parameter p to adjust the strength of the en-
trainment, noting that the effective mass of the proton m∗p
is often related to p via
p = 1 −
m∗p
mN
. (36)
The term in Eq. (32) ∝ ∇σ f is responsible for the lep-
tonic buoyancy, and in the outer regions of the core without
muons, it is zero.
We now calculate the equations of motion for perturba-
tions to a spherically-symmetric, static background in chem-
ical equilibrium. The metric in Schwarzschild coordinates is
ds2 = −eν(r)dt2 + eλ(r)dr2 + r2(dθ2 + sin2 θdφ2), (37)
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where eλ(r) = (1 − 2M(r)/r)−1, M(r) is the mass enclosed
within radius r, and eν(r) is determined using the gravita-
tional redshift formula µ(r)√−g00 = constant, so
eν(r) = (−g00) =
(
mN,Fe−56
µ0(r)
)2 (
1 − 2M
R
)
, (38)
where R is the coordinate radius of the star, M = M(R) its
total mass computed using the equation of state and the
TOV equation and mN,Fe−56 is the mass per baryon of an
iron-56 nucleus.
Since the velocities under consideration are much less
than the speed of light, we can ignore relativistic gamma
factors and write the fluid four-velocities as
uµa =
dxµa
dτ
≈ e−ν/2 dx
µ
a
dt
. (39)
For a stationary background, uµa = e−ν/2(1, 0, 0, 0). The ve-
locity of the perturbation δuµa to first order in perturbation
theory and in the Cowling approximation is thus given by
(Andersson & Comer 2007)
δuµa = (δ
µ
ν + u
µ
au
a
ν )(uσa ∇σξνa − ξσa ∇σuνa)
= (δµν − δµ0 δ0ν )
(
e−ν/2∇0ξνa − ξσa ∇σe−ν/2δν0
)
(40)
for Lagrangian displacement fields ξ
µ
a defined in a coordinate
basis. We set ξ
0
a = 0 using the gauge freedom within the
definition of ξ
µ
a. Taking the Eulerian perturbation of Eq. (32)
and considering its spatial components σ = i = 1, 2, 3, we
obtain to first order in perturbation theory
0 = e−ν∂2t ξ
i
q + e−νp∂2t (ξ
i
n − ξiq) + gii∂i
(
δµq
µ0
)
+
(δµµ − δµe)
µ0
gii∂i f , (41)
0 = e−ν∂2t ξ
i
n + e−νn∂2t (ξ
i
q − ξin) + gii∂i
(
δµn
µ0
)
, (42)
where µ0 is the common background equilibrium chemical
potential. The perturbed continuity equations are identical:
δna = −naΘa − ξra
dna
dr
, (43)
where we have defined
Θa =
1√−g
∂(√−gξia)
∂xi
. (44)
Since we consider nonrotating stars, spherical symmetry
is preserved and the normal modes are spheroidal/poloidal.
The displacement field for such a mode in the orthonormal
tetrad is
ξa = eiωt
[
ξra(r)Ylm(θ, φ)eˆr + ξ⊥a (r)r∇Ylm(θ, φ)
]
a = n, q, (45)
where Ylm(θ, φ) are the usual spherical harmonics and we
use the usual orthonormal basis vectors. ω is the angular
frequency of the oscillation as observed far from the star. In
the coordinate basis, the components of ξ
i
a are
ξ
r
a = e−λ/2ξra(r)Ylm(θ, φ)eiωt, (46)
ξ
θ
a = ξ⊥a (r)
1
r
∂θYlm(θ, φ)eiωt, (47)
ξ
φ
a = ξ⊥a (r)
1
r sin θ
∂φYlm(θ, φ)eiωt . (48)
To compute the buoyant term in Eq. (41), use
∂ρ
∂ f
=
∂ρe
∂ne
∂ne
∂ f
+
∂ρµ
∂nµ
∂nµ
∂ f
= nq(µe − µµ); (49)
then
δµµ − δµe = − δ
(
1
nq
∂ρ
∂ f
)
= − 1
nq
(
∂2ρ
∂ f 2
δ f +
∂µq
∂ f
δnq
)
=µqfΘq, (50)
where we have defined the thermodynamic derivatives
µab ≡
∂µa
∂nb
a, b ∈ {n, q}; µqf ≡
∂µq
∂ f
, (51)
where µnq = µqn; explicitly,
µn =
∂ρ
∂nb
− Y
nb
∂ρ
∂Y
, (52)
µq =
∂ρ
∂nb
+
(1 − Y )
nb
∂ρ
∂Y
, (53)
µnn =
∂2ρ
∂n2b
− 2Y
nb
∂2ρ
∂nb∂Y
+
Y2
n2b
∂2ρ
∂Y2
, (54)
µqq =
∂2ρ
∂n2b
+
2(1 − Y )
nb
∂2ρ
∂nb∂Y
+
(1 − Y )2
n2b
∂2ρ
∂Y2
, (55)
µnq =
∂2ρ
∂n2b
+
(1 − 2Y )
nb
∂2ρ
∂nb∂Y
− Y (1 − Y )
n2b
∂2ρ
∂Y2
. (56)
Henceforth, we define
Πa = Πa(r)Ylm(θ, φ) ≡
δµa
µ0
, (57)
in terms of which the Euler equations are
ω2e−ν(1 − n)ξrn + ω2e−νnξrq = e−λ/2
dΠn
dr
, (58)
ω2e−νr(1 − n)ξ⊥n + ω2e−νrnξ⊥q = Πn, (59)
ω2e−ν(1 − p)ξrq + ω2e−νpξrn = e−λ/2
dΠq
dr
+ e−λ/2
µqf
µ0
d f
dr
Θq,
(60)
ω2e−νr(1 − p)ξ⊥q + ω2e−νrpξ⊥n = Πq. (61)
We also recast the continuity equations in terms of ξra and
Πa; using
Θa =
(
e−λ/2
r2
d(r2ξra)
dr
− l(l + 1)
r
ξ⊥a
)
Ylm, (62)
we obtain
δnn(r) = − nn
[
e−λ/2
r2
d(r2ξrn )
dr
− eν k
2⊥
ω2
{
(1 + x)Πn − xΠq
}]
− e−λ/2ξrn
dnn
dr
, (63)
δnq(r) = − nq
[
e−λ/2
r2
d(r2ξrq )
dr
− eν k
2⊥
ω2
{
(1 + y)Πq − yΠn
}]
− e−λ/2ξrq
dnq
dr
, (64)
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where k2⊥ ≡ l(l + 1)r−2 and
x ≡ n
1 − p − n , (65)
y ≡ p
1 − p − n . (66)
Using
δµn = µnnδnn + µnqδnq, (67)
δµq = µqqδnq + µnqδnn + µqfδ f , (68)
we find
δnn(r) =
µqqµ0Πn − µnqµ0Πq − µnqµqfξrq (d f /dr)
D
, (69)
δnq(r) =
µnnµ0Πq − µnqµ0Πn + µnnµqfξrq (d f /dr)
D
, (70)
where D ≡ (µnnµqq − µ2nq); then Eq. (63–64) are
dξrn
dr
+
[
2
r
+
d ln nn
dr
]
ξrn +
[
− k
2⊥
ω2
eν+λ/2(1 + x) +
µ0µqq
nnD
eλ/2
]
Πn
=
[
− k
2⊥
ω2
eν+λ/2x +
µ0µnq
nnD
eλ/2
]
Πq +
µnqµqf
nnD
d f
dr
ξrq , (71)
dξrq
dr
+
[
2
r
+
d ln nq
dr
+
µnnµqf
nqD
d f
dr
]
ξrq
+
[
− k
2⊥
ω2
eν+λ/2(1 + y) +
µ0µnn
nqD
eλ/2
]
Πq
=
[
− k
2⊥
ω2
eν+λ/2y +
µ0µnq
nqD
eλ/2
]
Πn. (72)
Notice that, in the case of zero entrainment and zero ther-
modynamic coupling µnq = 0, the two equations describing
the neutron fluid motion (58) and (60) are completely un-
coupled from those describing the charged fluid motion (71)
and (72), leading to two sets of equations coupling (ξrn ,Πn)
and (ξrq ,Πq), respectively.
3.2 Brunt–Va¨isa¨la¨ frequency
To determine the Brunt–Va¨isa¨la¨ frequency, we use the radial
components of the Euler equations to get
ω2e−ν 1
1 + y
ξrq = e−λ/2
dΠq
dr
− e−λ/2 y
1 + y
dΠn
dr
− e−λ/2 µqf(µnnΠq − µnqΠn)
nqD
d f
dr
− e−λξrq
µqf
µ0nq
d f
dr
[ dnq
dr
+
µnnµqf
D
d f
dr
]
; (73)
Eqs. (67–70) with δµa = (dµa/dr)δr and δna = (dna/dr)δr
imply
dnq
dr
+
µnnµqf
D
d f
dr
=
µnn − µnq
D
dµ0
dr
, (74)
hence
ξrq
[
ω2 + eν−λ(1 + y)
(
µqf
µ0
dµ0
dr
) (
µnn − µnq
nqD
)
d f
dr
]
= eν−λ/2
(
(1 + y)
dΠq
dr
− y dΠn
dr
−(1 + y) µqf(µnnΠq − µnqΠn)
nqD
d f
dr
)
. (75)
So the square of the Brunt–Va¨isa¨la¨ frequency is
N2q (r) = −eν−λ(1 + y)
(
µqf
µ0
dµ0
dr
) (
µnn − µnq
nqD
)
d f
dr
. (76)
This can be rewritten in a manner which eliminates the de-
pendence on derivatives of f . Using µe = µµ in the back-
ground, we can write
(3pi2ne)1/3 =
√
(3pi2nµ)2/3 + m2µ
⇒ f 2/3 − (1 − f )2/3 =
(
m3µ
3pi2nq
)2/3
(77)
and
d f
dr
= − f
1/3(1 − f )1/3
n5/3q [ f 1/3 + (1 − f )1/3]
(
m2µ
(3pi2)2/3
)
dnq
dr
. (78)
Differentiating Eq. (30) to find
µqf =
∂
∂ f
(
µp + f µe( f nq) + (1 − f )µµ((1 − f )nq)
)
= ne
dµe
dne
− nµ
dµµ
dnµ
=
m2µ
3(3pi2nq f )1/3
, (79)
we therefore have
µqf
d f
dr
= −mµ
nq
G( f )
dnq
dr
,
G( f ) ≡ (1 − f )
1/3
3
(
f 1/3 − (1 − f )1/3
) (
f 2/3 − (1 − f )2/3
)1/2
.
(80)
Inserting this into Eq. (74) to eliminate dnq/dr, then using
the resulting equation to eliminate µqfdf /dr from Eq. (76)
gives us
N2q (r) = eν−λ(1 + y)
mµG( f )(µnn − µnq)2(dµ0/dr)2
µ0nqD[nqD − µnnmµG( f )]
. (81)
Nq(r) is plotted in Figure (4) with zero entrainment (y = 0),
along with the Brunt–Va¨isa¨la¨ frequency for a normal fluid
star Nnf, given by
Nnf =
√
N2
Y
+ YN2q , (82)
where the lepton gradient contribution is reduced by a factor
of Y due to the increased inertia of moving both the protons
and neutron, and where (Reisenegger & Goldreich 1992)
N2Y (r) = − eν−λ
(
1
µ0
dµ0
dr
) (
µbY
nbµbb
dY
dr
+
Y µqf
nbµbb
d f
dr
)
, (83)
µbb = Y2µqq + 2Y (1 − Y )µnq + (1 − Y )2µnn,
µbY = nq(µqq − µnq) − nn(µnn − µnq).
The superfluid leptonic Brunt–Va¨isa¨la¨ frequency is similar
to that of Figure 2 of KG14, Figure 5 of Passamonti et al.
(2016) and the zero entrainment results of YW17. Differ-
ences are due to differences in the equations of state used,
and in the case of the YW17 results, our inclusion of general
relativity in both the background star and the perturba-
tions and our neglect of self-gravity perturbations. Figure 5
shows Nq for fixed mass M = 1.4M using each of the four
parametrizations specified by Table 1, with the peak value
of Nq decreasing slightly with increasing nuclear compress-
ibility K.
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Figure 4. Brunt–Va¨isa¨la¨ (cyclical) frequency as a function of
coordinate radius r with no entrainment, calculated using the
PC1 parametrization for our equation of state from Section (2)
for two different model stars: M = 1.4M, nb,cntr = 3.17nnuc,
R = 12.11 km, Rcc = 11.27 km and M = 2.0M, nb,cntr = 6.67nnuc,
R = 10.54 km and Rcc = 10.23 km, where nb,cntr is the central
baryon density and Rcc the crust-core interface radius. Rcc for
each star is also indicated on the graph by a vertical line at the
frequency cutoff for Nnf. The Brunt–Va¨isa¨la¨ frequency arising due
to the leptonic composition gradient in superfluid stars Nq and
the total Brunt–Va¨isa¨la¨ frequency for a normal fluid star Nnf are
displayed. The frequency cutoffs for Nq correspond to the muon
threshold, which is at the same density but a different radius for
each star.
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Figure 5. Brunt–Va¨isa¨la¨ (cyclical) frequency as a function of
coordinate radius r with no entrainment, for fixed mass 1.4M
using the four EOS parametrizations specified by Table 1. The
frequency cutoffs correspond to the muon threshold, which is at
the same density but a different radius for each star.
Using the definition of the Brunt–Va¨isa¨la¨ frequency, we
can rewrite Eq. (60) as
ξrq e−ν(ω2 − N2q ) = e−λ/2(1 + y)
dΠq
dr
− e−λ/2y dΠn
dr
+
eλ/2−νµ0N2q (µnnΠq − µnqΠn)
(dµ0/dr)(µnn − µnq)
. (84)
Eqs. (58), (71–72) and (84) are the four coupled first-order
ODEs describing the fluid perturbations in the core.
3.3 Two-fluid formalism in the crust
To correctly calculate the compressional modes, we need to
allow the oscillations in the core to propagate into the crust.
As in the core, we consider two fluids- superfluid free neu-
trons, with displacement field ξ
i
f , and normal fluid nuclei,
with displacement field ξ
i
c. We ignore elastic stresses here
for simplicity, as we are not interested in the s (shear) and
i (interface) modes caused by elasticity in the crust (Mc-
Dermott et al. 1983). We also neglect entrainment, which is
expected in the crust (Kobyakov & Pethick 2013; Chamel
2017) but which we do not expect to play a large role in the
g-modes. Its effect on the p-modes, which we do not expect
to be large either, will be examined in a later paper.
We derive the two-fluid crust equations of motion by
first assuming that the perturbations of the chemical poten-
tial µf and µc in the crust can be written as a function of
the two crustal number densities nf (free neutrons) and nc
(baryons in nuclei), with changes in the other parameters of
the crust EOS A, Y and ni having been absorbed into the
changes in either nf or nc. Thus we can write a series of four
equations– the two radial and two tangential components of
the perturbed Euler equations– analogously to Eqs. (58–61).
We then have
ω2e−νξrf = e
−λ/2 dΠf
dr
, (85)
ω2e−νrξ⊥f = Πf, (86)
ω2e−νξrc = e−λ/2
dΠc
dr
, (87)
ω2e−νrξ⊥c = Πc, (88)
where Πf ≡ δµf/µ0, Πc ≡ δµc/µ0 in analogy with Eq. (57).
From the perturbed continuity equation, we also have
δnf = −nfΘf − e−λ/2ξrf
dnf
dr
, (89)
δnc = −ncΘc − e−λ/2ξrc
dnc
dr
. (90)
Using our assumption about the number density dependence
of the perturbations, we can then rearrange
δµf = µffδnf + µfcδnc, (91)
δµc = µccδnc + µfcδnf (92)
to obtain
δnf =
µ0(µccΠf − µfcΠc)
Dcrust
, (93)
δnc =
µ0(µffΠc − µfcΠf)
Dcrust
, (94)
where µab ≡ ∂µa/∂nb for a, b ∈ {f, c}, Dcrust ≡ µff µcc − µ2fc
and µ0 = µf = µc in the background. There are subtleties
involved in the calculation of µff , µcc and µfc, which are
discussed in Appendix A. Combining Eqs. (93–94) with
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Eq. (89–90), we obtain
dξrf
dr
+
[
2
r
+
d ln nf
dr
]
ξrf +
[
−eν+λ/2 k
2⊥
ω2
+
µ0µcc
nfDcrust
eλ/2
]
Πf
=
µ0µfc
nfDcrust
eλ/2Πc, (95)
dξrc
dr
+
[
2
r
+
d ln nc
dr
]
ξrc +
[
−eν+λ/2 k
2⊥
ω2
+
µ0µff
ncDcrust
eλ/2
]
Πc
=
µ0µfc
ncDcrust
eλ/2Πf . (96)
Eqs. (85), (87) and (95–96) are the four coupled first-order
ODEs describing the fluid perturbations in the crust. Simi-
larly to the equations in the core, in the case of zero thermo-
dynamic coupling µfc = 0, these equations become two sets
of coupled equations for (ξrf ,Πf) and (ξ
r
c ,Πc).
3.4 Single normal fluid in crust
In the crust, the neutron superfluid is 1S0, with gaps ∼ 0.1–
1 MeV until low free neutron density (Gezerlis & Carlson
2010; Gezerlis et al. 2014). Thus, we expect the free neutron
gas to remain superfluid throughout most of the crust. The
superfluid gap for neutrons falls precipitously at a Fermi
wave number of approximately 0.05 fm−1 (Gezerlis et al.
2014), corresponding to a free neutron number density of
nf = nNF = 2.64 × 10−5nnuc. For our calculations, we assume
that the critical temperature Tc for free crustal neutrons
is purely a function of nf . Thus, we assume that the free
crustal neutrons are superfluid at nf > nNF and normal at
nf ≤ nNF, so there is a sharp transition from superfluid to
normal at nf = nNF. More realistically, Tc will also depend
on nc; we assume that Tc depends on nc much more weakly
than it does on nf . In a finite temperature star, the superfluid
density is proportional to Tc−T near the transition to normal
fluid, but this temperature dependence is only important in
a very thin region in the crust for T small compared with
typical values of Tc in the crust, which are ∼ 1010 K.
Between the transition density and neutron drip, free
neutrons and nuclei move together as a single fluid. We rep-
resent this single normal fluid, which exists only in a very
thin layer just above the neutron drip density, using the
displacement field ξ
i
b and the total baryon number density
nb = nc + nf . The equation of state in this region is the same
as in the two-fluid region of the crust. Since the two fluids
move together here, there is a buoyancy and Brunt–Va¨isa¨la¨
frequency associated with the gradient of Yc ≡ nc/nb.
By analogy with Eqs. (58–61), (71–72) and (84), we
obtain two Euler equations and the perturbed continuity
equation for the single normal fluid displacement field in
the crust:
ω2e−νrξ⊥b = Πb, (97)
ξrb e
−ν(ω2 − N2b ) = e−λ/2
dΠb
dr
+
eλ/2−νµ0n2b
dµ0/dr
Πb, (98)
dξrb
dr
+
[
2
r
+
d ln nb
dr
+
µbYc
nbµbb
dYc
dr
]
ξrb
+
[
−eν+λ/2 k
2⊥
ω2
+
µ0
nbµbb
eλ/2
]
Πb = 0, (99)
where Πb ≡ δµb/µ0 and nb is the Brunt–Va¨isa¨la¨ frequency
associated with the gradient of Yc, given by
N2b = −eν−λ
1
µ0
dµ0
dr
µbYc
nbµbb
dYc
dr
. (100)
The two thermodynamic derivatives µbb and µbYc are
µbb = Y2c µcc + (1 − Yc)2µff + 2Yc(1 − Yc)µfc, (101)
µbYc = nc(µcc − µfc) − nf(µff − µfc). (102)
3.5 Interface and boundary conditions
At the centre of the star, we impose the regularity condition
Θa = 0, which implies that the displacement fields and Πa
satisfy the following conditions at r = 0:
ξra = l(ξra)0rl−1, (103)
Πa = ω2e−ν(ξra)0rl, (104)
where (ξra)0 is a constant. Since we can scale the overall
amplitude of each mode, we only need to specify (ξrn )0 and
can set (ξrq )0 = 1.
We require four conditions at the crust-core transi-
tion which allow the computation of the four quantities
(ξrc , ξrf ,Πc,Πf) on the crust side of the transition using the
quantities (ξrq , ξrn ,Πq,Πn) on the core side of the transition.
Since the crust-core interface is denoted by the formation
of nuclei, we know that the radial component of the dis-
placement fields for the protons must be continuous at this
interface. Since the motion of the protons is described by ξiq
and ξic, this implies
(ξrq )+ = (ξrc )−, (105)
where + indicates the high-density (core) side and − the low-
density (crust) side of the transition. As baryons are not al-
lowed to build up at the interface, baryon conservation is
the second transition condition. Denoting the Lagrangian
perturbation moving along with the nuclei (and hence the
crust-core boundary) as ∆c, the perturbed continuity equa-
tion for the total baryon number density is
∆cnb + nbΘc = 0. (106)
Integrating this across the crust-core interface, we obtain
(nnξrn − nnξrq )+ = (nfξrf − nfξrc )−. (107)
As we have neglected elastic stresses in the crust, continuity
of the tractions across the crust-core interface is given by
the continuity of the pressure perturbation moving with the
interface, or
(∆cP)+ = (∆cP)−. (108)
Using the Gibbs–Duhem equation, we can use ∆P =∑
a na∆µa to rewrite this condition, giving
(nnΠn+nqΠq)+ = (ncΠc+nfΠf)−+(n−b −n+b )e−λ/2ξrc
d ln µ0
dr
. (109)
Following Andersson et al. (2011) and Passamonti & An-
dersson (2012), the final boundary condition we impose is
continuity of the neutron chemical potential perturbation,
(∆cµn)+ = (∆cµf)−, which results from the “chemical gauge”-
independence of the neutron chemical potential. This final
interface condition simplifies to
(Πn)+ = (Πf)−, (110)
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where we have used µ0 = µc = µf in the background equi-
librium. The chemical potential is the same for crustal neu-
trons that are bound in nuclei or in the surrounding free
superfluid; this condition is satisfied in the crustal equation
of state, which allows neutrons to be exchanged freely be-
tween nuclei and the surrounding free neutron vapor (see
Section 2.2 and references therein). Thus, Eq. (110) states
the condition that there is no energy change when a crustal
neutron is exchanged with a core neutron at the crust-
core boundary irrespective of whether the crustal neutron
is bound or free.
At the two fluid-single fluid transition in the crust just
above neutron drip, baryon conservation and continuity of
the tractions must be imposed. These two conditions can be
expressed as
(nfξrf + ncξ
r
c )+ = (nbξrb )
−, (111)
(nfΠf + ncΠc)+ = (nbΠb)−, (112)
where +/− indicate the high density (two fluid) and low den-
sity (single fluid) regions respectively. We also require an-
other boundary condition at the two fluid-single fluid tran-
sition (SFT). In a very thin region where the superfluid neu-
tron fraction f falls from one to zero, ξrf = f ξ
r
sf + (1 − f )ξrnf ,
where ξrsf and ξ
r
nf are the radial components of the super-
fluid neutron and normal fluid neutron displacement fields.
If the normal neutrons couple perfectly to the charged com-
ponent, then f ξrsf = ξ
r
f − (1 − f )ξrc → ξrf − ξrc for f → 0. The
current carried by the superfluid component should vanish
where the superfluid neutrons disappear, which is true if
(ξrf )
+ = (ξrc )+ (113)
at the surface where f = 0. Combined with Eq. (111), this
implies that
(ξrf )
+ = (ξrc )+ = (ξrb )
−. (114)
A boundary condition is required at the outer surface of
the star, which we approximate to occur at the neutron drip
line since the outer crust contains so little of the star’s mass
(less than 0.01%) that we assume that its effect on the modes
is negligible. We impose a form of the condition expressed in
Eqs. (109), but applied to the displacement field of the single
normal fluid which exists just above neutron drip (ND)(
Πb + e−λ/2ξrb
d ln µ0
dr
)
at ND
= 0. (115)
As a check, we also compute a few g-modes and p-modes
while integrating out to lower densities in the crust, imposing
Eq. (115) at nb/nnuc = 1 × 10−8. The g-mode frequencies
obtained when doing so agree to within 0.1% of those found
when we stopped the integration at neutron drip. There is
no discernible change in the core displacement fields for g-
modes for these two boundary conditions, and the changes
in the displacement fields in the crust are larger than in the
core but still very small. The p-mode frequencies obtained
in this way are within 2% of those calculated with neutron
drip as the stopping point for the integration. The p-mode
displacement fields in the core are weakly affected by this
shift in the minimum density, but the modes in the crust
can differ significantly, particularly for the higher frequency
modes which can have additional oscillations in the crust.
4 NORMAL MODE CALCULATIONS
4.1 WKB solutions
Since the leptonic Brunt–Va¨isa¨la¨ frequency does not exist in
the crust, we expect that the g-mode displacement fields in
the crust will be evanescent and nearly zero. We thus em-
ployed the WKB approximation to calculate approximate
g-mode displacement fields and mode frequencies, assuming
no propagation into the crust, and also use the resulting
approximate p-mode dispersion relations in discussing the
p-mode displacement fields in the core. First, we convert
Eqs. (58,71–72,84) into two second-order equations for Πn
and Πq, neglecting curvature terms, derivatives of the met-
ric, f , the µab and Nq, and ignoring entrainment. We obtain
d2Πn
dr2
+
d ln nn
dr
dΠn
dr
+
[
−k2⊥eλ +
µ0µqqeλ−νω2
nnD
]
Πn
=
µnqµ0eλ−νω2
nnD
Πq, (116)
d2Πq
dr2
+
d ln nq
dr
dΠq
dr
+
(
1 − N
2
q
ω2
) [
−k2⊥eλ +
µ0µnneλ−νω2
nqD
]
Πq
=
µnqµ0eλ−ν(ω2 − N2q )
nqD
Πn, (117)
where we have used Eq. (76) to replace dµ0/dr. Defining
Ψa =
√
naΠa and assuming that the Ψa have a slowly-varying
amplitude Ca(r) and a rapidly-oscillating phase S(r) =
∫
kr dr.
Inserting this definition into Eqs. (116–117) gives
(S′)2Cn = MnnCn + MnqCq, (118)
(S′)2Cq = MqqCq + MqnCn, (119)
where d/dr =′ and
Mnn = −k2⊥eλ +
eλ−νω2µ0µqq
nnD
− 1√
nn
d2√nn
dr2
, (120)
Mqq = −
(
1 − N
2
q
ω2
)
k2⊥eλ +
eλ−νω2µ0µnn
nqD
− 1√nq
d2√nq
dr2
, (121)
Mnq = Mqn = −
eλ−νω2µ0µnq√nnnqD . (122)
Eqs. (118–119) have solutions
(S′)2 = 1
2
[
(Mnn + Mqq) ±
√
(Mnn − Mqq)2 + 4M2nq
]
. (123)
As |Mnq | |Mnn |, |Mqq |, we can identify a neutron-dominated
mode with (S′)2 = (k2r )+ ≈ Mnn and a charged fluid-
dominated mode with (S′)2 = (k2r )− ≈ Mqq. In the low fre-
quency ω2 . N2q limit, Mnn ∼ −k2⊥eλ, so the low-frequency
neutron-dominated mode is nonpropagating. The charged
fluid-dominated mode does propagate, however, since Mqq ∼
(N2q /ω2 − 1)k2⊥eλ in the low-frequency limit, thus giving a
dispersion relation for the g-modes
ω2g ≈
N2q k
2⊥eλ
k2
, (124)
where k2 = k2r + k2⊥eλ, in agreement with the standard re-
sult of McDermott et al. (1983). The high frequency limit
ω2  N2q , keeping the Mnq contribution, gives the p-mode
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dispersion relation in the crust
ω2p ≈ c2s±k2,
c2s± = eν−λ
nnnq
2µ0

(
µqq
nn
+
µnn
nq
)
±
√(
µqq
nn
− µnn
nq
)2
+
4µ2nq
nnnq
 ,
(125)
suggesting two sets of p-modes, one associated with each
superfluid. This is similar to the simplified p-mode disper-
sion relation given by Passamonti et al. (2016). Here we
have implicitly assumed that the phases of the two fluids
are the same. If the thermodynamic coupling µnq is ignored,
Eq. (125) gives two completely separate dispersions, one for
the charged fluid and one for the neutron fluid.
In the inner region of the star r < rt , k2r < 0 and the
normal modes are exponentially damped. In the outer region
rt < r < rout, k2r > 0 and the modes are oscillatory. Match-
ing at rt with the exponential solution in the inner region
and imposing Ψa(rout) = 0 assuming no propagation into the
crust, allowed g-modes will have kr satisfying∫rout
rt
kr (r ′)dr ′ =
(
nr − 14
)
pi, nr = 1, 2, 3, ..., (126)
where nr is the radial node number. This condition deter-
mines the allowed frequencies since kr (r) is a function of ω.
nr here is the radial index of the solution, setting the radial
node number for Ψa and by extension Πa and ξra.
4.2 Numerical results
4.2.1 g-modes
To obtain solutions for the displacement fields ξia and the
Πa, we numerically integrated the system of four first-order
equations given in the core by Eqs. (58), (71–72) and (84),
in the crust by Eqs. (85), (87) and (95–96), and in the crust
just above neutron drip by Eqs. (98–99). We use a standard
energy normalization to set the amplitude of the displace-
ment fields. Reinserting factors of c, this condition is
ω2
c2
∫Rcc
0
∫
Ω
dV µ0
[
(1 − p)nqξ∗iq ξqi + (1 − n)nnξ∗in ξni
+nqp(ξ∗iq ξni + ξ
∗i
n ξ
q
i
)
]
+
ω2
c2
∫R
Rcc
∫
Ω
dV µ0(nfξ∗if ξ
f
i + ncξ
∗i
c ξ
c
i ) =
GM2
R
, (127)
where M and R are the mass and radius of the star, Rcc
is the coordinate radius of the crust-core transition, Ω in-
dicates integration over the solid angle of a sphere and
dV = eλ/2r2 sin θdrdθdφ. In the very thin single fluid region
at densities just above neutron drip, ξif = ξ
i
c = ξib. Each func-
tion (ξrn ,ξ
r
q ,ξ
r
c ,ξ
r
f ,Πn,Πq,Πc,Πf ,ξ
r
b ,Πn) is scaled by the same
amount, since they are all linearly related.
Figures 6 and 7 show the l = 2 g-mode frequency spec-
trum as a function of the stellar mass and the entrain-
ment parameter p, respectively, for the four different EOS
parametrizations described in Table 1. The WKB frequen-
cies for the 1.4M star with no entrainment are shown in
Figure 7 to illustrate that they are extremely close to the
exact frequencies for nr,q & 2, even though we did not per-
mit propagation into the crust in the WKB approximation.
This indicates that the crust is largely unimportant to the
mode frequency for the g-modes.
We find that our frequencies, which include general rel-
ativity, are redshifted compared to those of YW17. For ex-
ample, they use the approximate g-mode frequency ωg/2pi ≈
590/nq,r Hz for their 1.40M, m∗p/mN = 0.8 and K = 230.9
MeV (Rikovska Stone et al. 2003) star, while we obtain an
approximate frequency spectrum
ωg
2pi
≈
608 − 0.83(K − 240 MeV) − 90 MM + 297p
nr,q
Hz, (128)
which is accurate to within .5% for nr,q > 2. This formula
gives ωg/2pi ≈ 549/nr,q Hz for a 1.40M, p = 1−m∗p/mN = 0.2
and K = 230.9 MeV star in our model. Our frequencies are
also lower than those of KG14, who did include general rel-
ativity. In this case, the differences in the frequencies are
due to the different equations of state used, which also con-
tributed to the differences between the results in this paper
and those in YW17. Eq. 128 also indicates that the g-mode
frequency is relatively insensitive to the nuclear compress-
ibility K, with the numerator changing by only 41 Hz over
the range of K values used here.
As expected from the (1 + y) = (1 −Y (1 + p))/(1 − p −Y )
proportionality of the Brunt–Va¨isa¨la¨ frequency, the g-mode
frequencies are increased as the entrainment parameter p is
increased. We find that the frequencies increase by a factor
or ∼ 1.4 from the  = 0 to the p = 0.5 values, in agreement
with an expected scaling factor of 1/
√
1 − p =
√
2 for low
Y . However, we do not find an increase as large as found in
YW17, with our frequencies with p = 0.5 being a factor of
∼ 1.5 lower than theirs with m∗p/mN = 0.4. Possible reasons
for the disagreement are the differences in the equation of
state and in the structure of the star, which we compute
by solving the TOV equation. The decrease in ωg with K
is also expected from the inverse relationship between Nq
and K as seen in Figure 5, though this decrease is small
(hence the relative insensitivity to K) because the g-modes
can propagate over a longer distance in higher K stars due to
their greater radii. The decrease in ωg with M , even though
the maximum value of Nq in the star increases with M, is
explained as follows. Figure 4 shows that Nq becomes more
peaked as a function of mass, meaning that the region of the
star where kr is real (between rt and rout in Eq. (126)) is
smaller for large M. For large nr,q Eq. (126) becomes
ωg ≈ lnr,qpi
∫rout
rt
Nq
r
dr, (129)
so ωg is smaller for a particular nr,q when the range of inte-
gration is smaller, or when M is larger.
Figure 8 shows the displacement fields ξr (r) and ξ⊥(r)
for a few representative l = 2 g-modes in the 1.40M star.
Since the leptonic Brunt–Va¨isa¨la¨ frequency only acts on the
charged fluid, the amplitude of the charged component is
two orders of magnitude larger than the neutron component,
and the neutron component is pulled along by the charge
component through the thermodynamic coupling term µnq
(and also by the entrainment if p 6= 0). In the crust, the
g-mode frequencies are too low to excite oscillatory motion,
and thus both the nuclear and neutron fluid displacements
damp.
In the core, the charged component displacement fields
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Figure 6. l = 2 g-mode (cyclical) frequencies for different values of the stellar mass and grouped by the EOS parametrization, denoted
in the bottom left corner of each subplot. The entrainment in the core was set to zero when computing these frequencies.
are in reasonable agreement with YW17, but the neutron
components have important differences. Our crust-core tran-
sition conditions change the oscillatory structure of the
neutron component displacement fields, shifting them away
from ξr = 0 in the outer part of the core. This justifies our
specification of the g-modes using nr,q, the radial node num-
ber of the charged fluid in the core. This is in contrast to
results of YW17, which assumed a single normal fluid in
the crust and imposes a crust-core transition condition (Eq.
(B40) in YW17) that is equivalent to making both superfluid
displacement fields equal. As the entrainment is increased in
strength and the neutron fluid is forced to move along with
the charged fluid to an even greater extent, we find that the
radial nodes of the neutron fluid reappear at the locations of
the charged fluid nodes. We cannot compare our results to
YW17 in the crust because, unlike them, we treat the crust
as two-fluids. We also do not compare our results to KG14,
who do not show any displacement fields and who also use
a single-fluid crust.
4.2.2 p-modes
Figure 9 shows four distinct l = 2 p-modes for a p, 1.4M
star, the first of which is actually an nr,n = nr,q = 0 f -modes.
These illustrate that 1) there are twice as many p-modes
since there are two fluids, a result which is well-known (Lind-
blom & Mendell 1994; Lee 1995; Gualtieri et al. 2014), in-
cluding multiple modes with the same radial node number
for one or both fluids, and 2) the fluids need not oscillate in
phase, meaning the n and q fluids can have different numbers
of radial nodes. In fact, we find that, for p = 0, most of the
p-modes for a two-superfluid star behave as if the two flu-
ids are (almost) uncoupled. This agrees with previous work
(Gusakov & Kantor 2011; Gualtieri et al. 2014). This means
that the core WKB result Eq. (123) does not apply for all
p-modes since it assumes that the two fluids have identical
phase, which is not necessarily true. In contrast to the q-led
g-modes, the amplitudes of the n and q-components of the p-
modes are comparable. Additionally, the crust displacement
fields can have multiple radial nodes, even with the crust
constituting only a few percent of the star’s radial extent,
since the wave number for the p-mode is often significantly
smaller in the crust than in the core. Following Lindblom
& Mendell (1994) we can classify p-modes by calculating
the baryon current Yξrq + (1 − Y )ξrn : those with small baryon
current compared with ξrn − ξrq are classified as superfluid
modes, denoted “si”, while all others are classified as normal
fluid modes, denoted“pi”. This is similar to the classification
scheme of Lindblom & Mendell (1994) and Lee (1995), who
use a scheme based on quantities related to our Πq and Πn.
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Figure 7. l = 2 g-mode (cyclical) frequencies for different values of the entrainment parameter p, grouped by the EOS parametrization,
denoted in the bottom left corner of each subplot. The WKB frequencies for a zero entrainment, 1.4M star with EOS parametrization
PC1 is included in the upper left subplot. All stellar models used in this plot are of mass 1.4M.
Figure 10 plots the radial node numbers in the core for
each p-mode as a function of the mode frequency with zero
entrainment. We plot nr,n and nr,q separately for modes in
which they are not identical and only one of them for modes
in which they are the same. The p-modes for which nr,n 6= nr,q
the two components of the mode each roughly obey the un-
coupled fluid dispersion relations knr ≈ Mnn and kqr ≈ Mqq,
and those which have nr,n = nr,q and roughly obey one of the
two (coupled) WKB results given by Eq. (123). The modes
of the latter type are labeled distinctly based on which solu-
tion (kr )± they follow most closely. The separate, uncoupled
dispersion relations obeyed by most p-modes suggest that
they are formed from separate n and q oscillations which
are paired together through the weak thermodynamic cou-
pling (in the case of zero entrainment) due to having similar
frequencies, with the pairing shifting the mode away from ei-
ther of the exact frequencies that the uncoupled fluid modes
would have. This means that the n and q components of each
mode are not required to have the same node number, which
is what we observe. The frequency residuals ∆ωp compared
to the uncoupled fluid or WKB result are shown in the right
panel. For the nearly uncoupled modes, these were obtained
by comparing the numerically calculated frequency to the
expected frequency for the separate fluid components for a
given nr,n or nr,q as calculated using knr ≈ Mnn and kqr ≈ Mqq
and Eq. (126). For the nr,n = nr,q modes, the expected fre-
quency was calculated for a given nr by using Eq. (126) and
the WKB solution from Eq. (123) which gave the smallest
frequency difference for each mode. ∆ωp is small for most
modes, indicating that they are well-described by either the
nearly uncoupled or standard WKB dispersions. Many of
the residuals for the high-frequency uncoupled-type neutron
fluid modes are large, suggesting that for these modes the
charged part of the mode could be“pulling”the neutron part
towards being an nr,n = nr,q, charged fluid-like mode obeying
the dispersion relation (kr )−.
We also calculated the p-modes for a 1.40M star with
strong entrainment p = 0.5. As expected, this drastic in-
crease in the entrainment reduces the difference in the ra-
dial node number between the two fluids to at most ±1. It
additionally tries to force the modes to obey the neutron-
dominated WKB dispersion (kr )+ ≈ Mnn, which is shown
in Figure (11). That it is this solution that is selected as
opposed to the charged fluid-dominated one suggests that
the p-modes can be thought of as neutron-dominated in the
same way that the g-modes can be considered charge-fluid
dominated, with this shift arising because the entrainment
coefficient in the neutron equations n = nq/nnp is about an
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Figure 8. Displacement fields ξr and ξ⊥ for four l = 2 g-modes in a 1.40M, zero entrainment star with EOS parametrization PC1:
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⊥
b ), which do not
vary much over the very thin region (∼ 10 m) of single fluid above neutron drip, are not shown.
order of magnitude smaller than p, which appears in the
charged fluid equations.
A final point of interest concerning the p-modes is
the possible existence of pairs of distinct p-modes which
are closely-spaced in frequency, as opposed to the nearly
uniformly-spaced in frequency p-modes expected in the sin-
gle fluid or WKB two-fluid cases. An example of such a mode
pair we found for the 1.40M, K = 230 MeV, p = 0 star is
the pair (nr,q = 6, nr,n = 6, ωp/2pi = 24116 Hz) and (nr,q = 10,
nr,n = 9, ωp/2pi = 24264 Hz), which have a frequency spac-
ing of the order of the g-mode frequencies. A similar phe-
nomenon is observed in the finite temperature calculation of
Gualtieri et al. (2014), where the p-mode frequencies become
very similar at certain“resonance”temperatures, though our
results indicate that nearly-resonant p-modes can occur at
any temperature. These mode pairs could provide a source
of large nonlinear mode couplings for the two-superfluid ver-
sion of the p−g instability discussed in recent papers (Wein-
berg et al. 2013; Venumadhav et al. 2014; Weinberg 2016).
These instabilities may be observable through phase shifts
in the gravitational waveforms of binary neutron star merg-
ers (Essick et al. 2016; Andersson & Ho 2018).
5 CONCLUSIONS
We have calculated the g- and p-modes of a superfluid star
with leptonic buoyancy using a specific model for nuclear
matter in the core and the crust. We have included general
relativity and a two-fluid crust when computing the nor-
mal modes, finding that the crust-core interface conditions
for the displacement fields change the neutron components
of the g-mode displacement fields in the core by removing
many of their radial nodes. In order to compute the modes,
we have developed a simple but flexible equation of state for
both crust and core which contains all of the thermodynam-
ics required by our formalism. This allowed us to compute
oscillation modes for a range of stellar and nuclear physics
parameters, and our EOS can be easily adjusted to agree
with new neutron star or nuclear physics measurements. In
general our leptonic buoyancy g-mode frequencies are simi-
lar to those found previously, considering differences in the
equations of state used to model the star and redshift factors,
and are dominated by the charged fluid in which the buoy-
ancy exists. We find that the g-mode frequencies increase
with entrainment and decrease with stellar mass and nu-
clear compressibility, with only weak dependence on the lat-
ter. Our decomposition of the fluid into neutron and charged
MNRAS 000, 1–19 (2018)
16 P. B. Rau and I. Wasserman
-20
-10
0
10
20
30
nr,q = 0, nr,n = 0
-10
0
10
20
nr,q = 1, nr,n = 1
-15
-7.5
0
7.5
15
0 4 8
nr,q = 4, nr,n = 2
-15
-7.5
0
7.5
15
0 4 8
nr,q = 3, nr,n = 2
n
1
/
2
a
ξr
/
⊥
a
(k
m
)
n
1/2
n/f
ξrn/f n
1/2
n/f
ξ⊥n/f
n
1
/
2
a
ξr
/
⊥
a
(k
m
)
r (km)
n
1/2
q/c
ξrq/c
r (km)
n
1/2
q/c
ξ⊥q/c
Figure 9. Displacement fields ξr and ξ⊥ for the l = 2 f -mode and three p-modes in a 1.40M, zero entrainment star: (xi , nr,q, nr,n,
ωg/2pi)=( f , 0, 0, 2302 Hz), (p1, 1, 1, 6576 Hz), (p2, 4, 2, 9703 Hz) and (s3, 3, 2, 10378 Hz), where xi refers to the standard classification
of the mode and its order as a subscript. The crust-core interface is indicated by the thin line at 11.27 km. To the left of this line, the
displacement fields are (ξrn , ξrq , ξ⊥n , ξ⊥q ), while to the right they are (ξrf , ξ
r
c , ξ
⊥
f , ξ
⊥
c ). (ξrb , ξ
⊥
b ), which do not vary much over the very thin
region (∼ 10 m) of single fluid above neutron drip, are not shown. The radial node numbers nr,q and nr,n for each fluid for each mode
are indicated in the upper left of each plot. The displacement fields have been scaled by factors of n1/2a = (na/nnuc)1/2, which accounts
for the abrupt jumps occurring at the crust-core transition.
components clearly illustrates that the neutrons are pulled
along by the charged fluid in the g-modes through thermo-
dynamic coupling and entrainment, and otherwise would not
participate in the g-mode.
In contrast, for zero entrainment, we reproduce earlier
results (Gusakov & Kantor 2011; Gualtieri et al. 2014) that
most of the p-modes behave as nearly uncoupled fluids, with
the weak coupling between the two superfluids leading to
pairing between uncoupled n- and q-fluid modes with similar
frequencies. This results in p-modes whose charged and neu-
tron components can have widely-differing radial node num-
bers, and in p-modes with frequency differences on the order
of the g-mode frequencies. These could thus contribute to
the recently proposed tidal-p-g or related instabilities which
depends on nonlinear couplings between p and g-modes. For
large entrainment, we find “neutron-dominated” p-modes, in
which the phases of the two superfluids in the core are nearly
the same so that they almost behave as a single neutron
fluid.
As mentioned briefly by YW17 and incorporated in a re-
cent paper (Yu & Weinberg 2017b), we should include hyper-
ons in the neutron star core, as the chemical potential above
∼ 3nnuc reaches the bare rest mass of the Λ hyperon. This
will lead to a softening of the equation of state and may pro-
vide additional hyperon superfluids which couple thermody-
namically to the neutron and charged fluids, or if the hyper-
ons are not superfluid, a hyperonic Brunt–Va¨isa¨la¨ frequency
which can modify the g-modes in the inner core (Dommes &
Gusakov 2016). If the star is able to contain Ξ− hyperons it
could have a hyperonic Brunt–Va¨isa¨la¨ frequency even if the
hyperons are superfluid, since the Ξ− would be expected to
comove with the protons to which they are electrostatically
coupled. Such hyperonic buoyancy would shift the g-mode
frequencies obtained from leptonic buoyancy alone, which
could be used as an indicator of the presence of hyperons in
neutron stars if the resulting gravitational waveform phase
shifts from the resonant excitation of these g-modes in bi-
nary neutron star inspirals could be measured. However, if
the EOS is softened too much by the hyperons, it could be-
come difficult for it to allow stars of mass > 2M, as reaching
this mass already required large nuclear compressibilities or
high central densities.
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node numbers of the n and q displacement fields denoted separately, but are paired i.e. there are two ticks at the same frequency ωp,
one (+) denoting the value of nr,n and the other (x) denoting nr,q. Modes where nr,n = nr,q are denoted by distinct symbols depending
on whether they more closely follow the (kr )+ (n-dominated, denoted by a triangle) or (kr )− (q-dominated, denoted by a square) WKB
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APPENDIX A: CALCULATION OF CHEMICAL
POTENTIAL DERIVATIVES IN THE CRUST
Computing µff , µcc and µfc is more complicated than finding
the µab in the core. In the core, the energy density is a
function of three variables, chosen to be (nn, nq, f ) or (nb,Y =
nq/nb, f ). In the background, chemical equilibrium relates Y
and f to nb; in perturbations, chemical equilibrium fails. In
the crust, the energy density depends on five variables, three
of which describe nuclei: (A, ni,Y ). In equilibrium, there are
four conditions that permit computing A, ni, Y and nc (or
Yc ≡ nc/nb) as functions of nb; for perturbations, there are
still three conditions, which may be solved in principle to
find A(nf, nc), ni(nf, nc) and Y (nf, nc), which we would then
need to differentiate to compute µab a, b ∈ {f, c}.
Fortunately, perturbations away from equilibrium are
small, so we only need to find the energy density ρ as a
function of (nb,Yc) near equilibrium to compute µab. Define
∆Yc = Yc − Yeqc (nb), (A1)
where Yeqc (nb) is the equilibrium value of Yc and ∆Yc = 0 in
equilibrium. Then near but not in equilibrium, the energy
density is
ρ(nb,Yc) = ρeq(nb) +
1
2
C(nb)(∆Yc)2, (A2)
where ρeq(nb) is evaluated in the background and
C(nb)(∆Yc)2 =
∑
i, j
(
∂2ρ(nb,Yc, A,Y, ni)
∂Xi∂Xj
)
∆Xi∆Xj, (A3)
where Xi = A,Y, ni,Yc.
Perturbed fluid elements will quickly reach mechanical
equilibrium and partial chemical equilibrium (i.e. not beta
equilibrium) with their surroundings and will obey the “nu-
clear virial theorem”. These conditions are expressed as
ECoul = 2Esurf, (A4)
µn,i − µn,o = 4pir
2
nY
A
dσs
dY
, (A5)
Pi,bulk − Po,bulk =
2σs
rn
− 4pi
15
(Ynirne)2(1 − w), (A6)
MNRAS 000, 1–19 (2018)
Compressional modes in two-superfluid neutron stars 19
−40
−20
0
20
40
60
80
100
120
0.01 0.1
G
eV
fm
3
nb/nnuc
µff
µcc
µfc = µcf
Figure A1. Thermodynamic derivatives in the crust µff , µcc and
µfc as a function of the baryon density 0.00104 < nb/nnuc < 0.394
for the PC1 parametrization of our EOS.
where we have defined
µn,i ≡
∂ρbulk,i
∂(ni(1 − Y )), (A7)
µn,o ≡
∂ρbulk,o
∂nn,o
, (A8)
Pi,bulk ≡ n2i
∂
∂ni
(
ρbulk,i
ni
)
, (A9)
Po,bulk ≡ n2n,o
∂
∂nn,o
(
ρbulk,o
nn,o
)
. (A10)
The perturbed fluid elements will not be in beta equilibrium
with their surroundings, since the weak interaction timescale
is much longer than the timescale of the fluid oscillations, so
∂ρ/∂Y 6= 0. We then use Eqs. (A4–A6) to relate ∆Yc to ∆A,
∆Y and ∆ni as in Eq. (A3) taking the differential of these
three equations gives
0 = ρAA∆A + ρAni ∆ni + ρAY∆Y + ρAYc ∆Yc, (A11)
0 = ρnini ∆ni + ρAni ∆A + ρYni ∆Y + ρniYc ∆Yc, (A12)
0 = ρYcYc ∆Yc + ρniYc ∆ni + ρAYc ∆A + ρYYc ∆Y, (A13)
where ρXiXj ≡ ∂2ρ/(∂Xi∂Xj ). Eq. (A2) then gives the ther-
modynamic derivatives µbb, µYcYc and µbYc = µYcb as
µbb =
d2ρeq
dn2b
+ C(nb)
(
dYeqc
dnb
)2
, (A14)
µYcYc = C(nb), (A15)
µbYc = − C(nb)
dYeqc
dnb
, (A16)
using which µcc, µff and µfc = µcf are found using Eqs. (54–
56), replacing Y → Yc, q → c and n → f . The expressions
for µcc, µff and µfc are quite complicated and are not given
explicitly here, but they are plotted in Figure A1 for the
PC1 parametrization of our EOS.
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